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Introduction
In many flows in nature and industry particles or drops are transported in a turbulent fluid. The motion of the particles is affected by the fluid flow, for example by drag and lift forces. If the particles are small compared to the smallest length scales of the fluid flow, a pointparticle Eulerian-Lagrangian description of the system of particles and fluid can be employed (Maxey and Riley, 1983) . The fluid is then modeled as a continuous phase, while for each particle an equation of motion for its center of mass is imposed. Following this approach, direct numerical simulations (DNS) of particle-laden flows were carried out at relatively small Reynolds numbers in simple geometries, such as turbulent channel flow (Marchioli and Soldati, 2002) and turbulent pipe flow (Marchioli et al., 2003 and Uijttewaal and Oliemans, 1996) .
For single-phase flows at higher Reynolds numbers large-eddy simulation (LES) has gradually become a more and more powerful tool. In LES only the larger scales of the flow are resolved and the effect of the smaller scales on the resolved ones is modeled by a so-called subgrid model. This is achieved by the application of a spatial filter to the flow quantities and to the Navier-Stokes equations. The development of more accurate subgrid modeling strategies, such as dynamic modeling (Germano et al., 1991) and, more recently, approximate deconvolution models (Stolz et al., 2001) and the variational multiscale model (Hughes et al., 2001) , has demonstrated the large potential of LES as an accurate simulation method for various single-phase turbulent flows.
In the last decade, LES has also been applied to particle-laden flows in the EulerianLagrangian approach, where particles are considered as point particles. The particle equation of motion always contains the fluid velocity at the position of the particle and in an LES only the resolved part of the fluid velocity is known. In many examples of LES of particle-laden flows the equation of motion for the particles is solved with the filtered fluid velocity (see e.g. Uijttewaal and Oliemans, 1996 , Yeh and Lei, 1991 , Wang and Squires, 1996 , Wang et al., 1998 without incorporating a model for the difference between filtered and unfiltered velocities. It is evident that in some cases, e.g. when the particle relaxation time is so large compared to the Kolmogorov time scale that the effect of turbulence on the particles is small, this approach is justified (Uijttewaal and Oliemans, 1996) . However, for example in vertical wall-bounded flow (Marchioli and Soldati, 2002) , the statistical behavior of particles with small relaxation time is significantly affected by the turbulent fluid motion and the disregard of the effect of the unresolved scales on the particles may become questionable.
In this paper the effect of this disregard of the subgrid scales in the particle equations is studied by means of DNS and LES of particle-laden turbulent channel flow. Moreover, a method is proposed to improve the LES results by defiltering the fluid velocity used in the particle's equation of motion (Kuerten et al., 1999) . Armenio et al. (1999) also studied the effects of the disregard of the subgrid velocity scales, but they focussed on dispersion properties and did not consider the accumulation of particles in the near-wall regions.
The paper is organized as follows. In the next section, the equations of motion and numerical methods for particles and fluid are formulated and the various sources of error in the particle behavior when LES is used are defined. In section 3 results are shown for DNS and for two different LES models. Moreover, the defiltering procedure and its results are presented. Finally, in section 4 some conclusions are stated.
Governing equations and numerical method
In this section first the equations of motion and numerical methods for fluid and particles are described. Subsequently the various sources of error if the fluid is modeled by large-eddy simulation are discussed.
Fluid
The flow considered in this paper is incompressible turbulent channel flow. The Navier-Stokes equation is solved in the rotation form (Canuto et al., 1988) ∂u ∂t
where
, ν is the kinematic viscosity, p the fluctuating part of the pressure and ρ f is the fluid density. Finally, F is the mean pressure gradient. This forcing term is chosen constant in time and space in such a way that the Reynolds number based on the friction velocity, u τ , Re τ = Hu τ ν = 150, where H is half the channel height. In the DNS all relevant length-and time scales are resolved. In the streamwise and spanwise directions periodic boundary conditions are applied. Therefore, the use of a pseudo-spectral method is very convenient. In the two periodic directions a Fourier-Galerkin approach is applied, whereas a Chebyshev-collocation method is adopted in the wall-normal direction.
The time integration is performed with a combination of the second-order accurate implicit Crank-Nicolson method for the viscous and pressure terms and a third-order accurate compactstorage explicit Runge-Kutta method for the other terms. This makes the total method secondorder accurate. The nonlinear term is calculated by transforming from Fourier space to real space and back with Fast Fourier Transform. In order to prevent aliasing errors the 3/2-rule is applied in the periodic directions. The velocity field is made divergence-free within machine accuracy following the approach proposed by Kleiser and Schumann (1980) applied to the collocation approximation (Canuto et al., 1988) .
The computational domain has a size 2H in the wall normal direction, 4πH in streamwise direction and 2πH in spanwise direction. The number of Chebyshev collocation points equals 129, whereas 128 Fourier modes are used in both periodic directions. The simulation was started from Poiseuille flow, onto which several of the least stable two-and three-dimensional disturbances according to linear stability theory were superposed. Due to nonlinear interactions transition to turbulence occurs and after a large number of time steps a state of fully-developed turbulence appears.
In the LES calculations an equation for a spatially filtered fluid velocity u is solved, where
Here the integral extends over the whole domain and G(x; y) is a filter function, e.g. the topfilter or a spectral cut-off filter. Filtering of the Navier-Stokes equation for the fluid velocity leads to the turbulent stress tensor τ i,j given by
which depends on the unfiltered fluid velocity and hence is unknown in an LES. Here it is assumed that the filter operator commutates with all derivatives and that the viscosity is constant. Otherwise, more subgrid terms appear in the filtered Navier-Stokes equation. In a large-eddy simulation the turbulent stress tensor is replaced by a subgrid model which is expressed in terms of the known filtered fluid velocity. In this work two subgrid models are considered: the Smagorinsky model, which is an eddyviscosity model (Smagorinsky, 1963) and the dynamic eddy-viscosity model (Germano et al., 1991) . In the Smagorinsky model
where S ij is the rate of strain tensor given by
Furthermore ∆ is the typical width of the filter and C S is a constant. In the present application of channel flow the filter width in each direction is taken equal to the grid size and
is taken as the typical filter width, which depends on the wall-normal coordinate. In order to avoid excessive damping near the walls the Smagorinsky constant is reduced near the walls according to:
where y + is the distance to the nearest wall in wall coordinates, C S,0 = 0.1 and A + = 26 (Van Driest, 1956) .
Although the introduction of the wall-damping is an improvement over the original Smagorinsky model with a constant value of C S , this model still leads to too much dissipation. A solution to this is the dynamic determination of the model constant. To this end the subgrid model is written as
where C d is dynamically adjusted to the local structure of the flow in the following way. A test filter with filter width∆ = 2∆ is introduced and indicated by·. Successive application of the two filters to the Navier-Stokes equation leads to an identity
where L ij is expressed in terms of the filtered velocity as
and T ij is the turbulent stress tensor obtained after successive application of the filter and the test filter:
If for the two turbulent stress tensor model (5) is substituted with the same value of
appears. In this equation κ∆ is the width of the successive filter, which can be taken equal to √ 5∆ if the top-hat filter is applied (Vreman et al., 1997) . This equation represents a system of six equations for the one unknown C d . Therefore, a least-squares approach (Lilly, 1992 ) is applied to determine the coefficient:
In this expression averaging is performed over the homogeneous directions. Moreover, to avoid negative dissipation C d is set equal to zero, if a value smaller than zero is obtained. The numerical method used for the LES is the same as for the DNS. The turbulent stress tensor is treated in the same way as the other nonlinear terms in the Navier-Stokes equation. The number of Chebyshev collocation points in the wall-normal direction equals 33, the number of Fourier modes in the streamwise direction equals 32 and in the spanwise direction 64. Thus the present grid (∆x + ≈ 59, ∆z + ≈ 15) satisfies the requirements of a resolved LES (see for details Piomelli and Balaras, 2002) . This resolution corresponds with ∆/h DN S = 4 in the wallnormal and streamwise direction and ∆/h DN S = 2 in the spanwise direction. LES simulations are started from filtered DNS fields. After some time a statistically stationary LES solution is obtained.
To conclude this section about the numerical method for the fluid equations a selection of results is shown, restricted to results which have a large influence on the particle behavior. As a first example the mean streamwise velocity component in wall units is shown in figure 1 and compared with the law of the wall. It appears that the DNS results follow the law of the wall from y + = 3 onwards. The two LES results overpredict the mean streamwise velocity in the middle of the channel, but the result of the dynamic eddy-viscosity model is better than the result of the Smagorinsky model. As a second illustration the rms of the wall-normal velocity component is shown in figure 2 . The DNS results cannot directly be compared with the LES results, since the LES solves for the filtered velocity. Therefore, the filtered DNS result is also included. It can be seen that filtering reduces the velocity fluctuations. In the near-wall region the filtered DNS result agrees quite well with the LES result for the dynamic eddy-viscosity model. Near the center of the channel the agreement is less. The Smagorinsky model, on the other hand, underpredicts the wall-normal velocity fluctuations near the walls.
Particles
Particles are described in a Lagrangian way, i.e. by an equation of motion for each individual particle. For small, heavy particles the relevant forces on the particle are buoyancy and drag force and possibly the Saffman lift force (Maxey and Riley, 1983) , but in the present work only the drag force will be considered, which has been justified by Armenio and Fiorotto (2001) . Particle-particle interaction will be disregarded, under the assumption that the inter-particle distance is large compared to the particle diameter. The effect of particles on the fluid is only important if the total mass loading of particles is not small compared to the fluid mass and will also be disregarded. Hence, the equation of motion for a particle i with instantaneous position x i , velocity v i and mass m i reads:
where u(x i , t) is the fluid velocity at the position of the particle. The particle relaxation time τ p quantifies the drag by the fluid on the particle and is given by:
where d p is the particle diameter and µ the fluid dynamic viscosity. The standard drag correlation for particles with particle Reynolds number Re p not small compared to 1 (Clift et al., 1978) . This corresponds to Stokes numbers, the particle relaxation time in wall units defined as St = τ + p , of St 1 = 1, St 2 = 5 and St 3 = 25. In the particle-laden simulations equation (6) is solved with the second-order accurate Heun method. In a numerical simulation the fluid velocity is not known at an arbitrary point in space. Hence, in order to find the fluid velocity at the particle position, which appears in (6), an interpolation of the fluid velocity at a set of grid points has to be made. The most accurate interpolation method is spectral interpolation. However, for realistic particle numbers this is prohibitively expensive. Tri-linear interpolation, on the other hand, is not very accurate. A useful compromise between accuracy and computing time is fourth-order interpolation (Balachander and Maxey, 1989) . In the two periodic directions Lagrange interpolation is used, whereas in the wall-normal direction, Hermite interpolation is applied.
The particle-laden simulations start from a statistically stationary state of fully-developed turbulence with 100,000 particles of each Stokes number randomly distributed over the channel. If a particle reaches a wall, it bounces elastically, i.e. its wall-normal velocity is reversed and its other velocity components remain unchanged. If a particle leaves the computational domain through one of the periodic boundaries, the fluid velocity at the particle position is determined by periodic continuation of the velocity field.
Usually, in a large-eddy simulation of particle-laden turbulent flow, where a Lagrangian approach for the particles is applied, equation (6) is solved with the filtered fluid velocity instead of the unfiltered one (see e.g. Uijttewaal and Oliemans, 1996 , Yeh and Lei, 1991 , Wang and Squires, 1996 , Wang et al., 1998 . If in an LES the particle equations (6) are solved with the filtered fluid velocity, three sources of error can be distinguished with respect to DNS (Kuerten and Vreman, 2005) . A subgrid error is introduced because particle equations (6) are solved with the filtered velocity. This error is called the subgrid error, since it results from the disregard of the subgrid contributions to the fluid velocity in the particle equation. Secondly, a modeling error occurs because a real LES does not provide the exact filtered velocity to the particle equations, but only an approximation because of the limitations of the subgrid model. Obviously, this error depends on the subgrid model used in the LES. The third error follows from the fact that the particle locations do in general not coincide with grid points and therefore interpolations are needed to obtain the fluid velocity at the particle locations. Since the LES is performed on a much coarser grid than the DNS, this introduces an interpolation error. This error was found to be negligible for fourth-order interpolations (Kuerten, 2004) . Therefore, the focus in this paper is on the first two errors. It is remarked, however, that tri-linear interpolation leads to a significant interpolation error in e.g. particle distributions.
Results
In this section results of the particle simulations are presented. First, DNS results are shown and discussed. Next, the subgrid error and modeling error in LES of particle-laden flow are studied separately. Finally, a subgrid model for the particle equation, which decreases the subgrid error, is presented.
DNS results
The discussion of the results of the particle simulations will be focused on two properties which are important for particle behavior. The first is the dispersion of the particles in the spanwise direction, which will be characterized by the root mean square of the spanwise particle velocity, v z,rms . The second is the mean wall-normal particle velocity, v y . Although the mean wallnormal fluid velocity component equals zero, the mean wall-normal particle velocity is unequal to zero. This particle transport mechanism is caused by the inhomogeneity of the turbulent velocity fluctuations and is called turbophoresis (Reeks, 1983, Young and Leeming, 1997) . For small values of the particle relaxation time τ p , it can be shown from a first-order perturbation expansion that
Turbophoresis has been measured in e.g. vertical turbulent pipe flow (Liu, 1974) and calculated by direct numerical simulation (DNS) in vertical turbulent pipe and channel flow Soldati, 2002, Marchioli et al., 2003) . In the results presented turbophoresis is not only quantified by v y , but also by the resulting particle distribution. To this end the computational domain is divided in 40 equidistant strips parallel to the walls and the number of particles in the strips closest to both walls is counted. In figure 3 the particle concentration in these two strips is plotted as a function of time in wall units by the solid lines. The time axis has been set to a logarithmic scale to highlight the initial phases. The particle concentration is normalized in such a way that for a uniform distribution c = 1. For all three Stokes numbers investigated three stages can be distinguished. In the initial stage the particle concentration close to the wall grows linearly with time. Later a stage of logarithmic growth is visible and finally an equilibrium is reached where the turbophoresis, which forces the particles towards the walls is balanced by turbulent diffusion. Unfortunately, DNS results of this final stage are not yet available.
Both the particle concentration in this final stage and the mean wall-normal particle velocity, v y , depend on the Stokes number. The higher the Stokes number, the larger the turbophoretic force. This can be seen in figure 4 , where v y averaged over the initial stage of linear behavior is plotted as a function of the wall-normal coordinate in wall units. The DNS results are indicated by the solid lines. For St = 25 the maximum value of v y is a factor of 10 larger than for St = 1. Moreover, with increasing Stokes number the position where this maximum is attained shifts towards the walls and the width of the peak decreases.
As a further result the root mean square of the spanwise particle velocity is plotted for all three Stokes numbers in figure 5 . The DNS results are again indicated by the solid lines. It can be seen that the particle velocity fluctuations decrease with increasing Stokes number. In the limit of St = 0 the particle velocity statistics is equal to the fluid velocity statistics. The case St = 1 is close to this limiting situation. The spanwise particle velocity fluctuations are a direct measure for the particle dispersion in spanwise direction.
A priori analysis
If the interpolation error is disregarded, which is justified if fourth-order interpolation is applied (Kuerten, 2004) , the two remaining errors can be studied independently in the following way. In a DNS the fluid velocity can explicitly be filtered using a top-hat filter with filter width equal to the LES grid spacing. If equation (6) modeling error is present and differences between the DNS results with unfiltered and filtered fluid velocity are solely caused by the subgrid error. Since no real LES needs to be carried out, this will be called a priori analysis. In a posteriori analysis, on the other hand, the filtered fluid velocity is provided from solution of the Navier-Stokes equation closed with a subgrid model for the turbulent stress tensor and calculated on the coarse LES grid. As a result, the difference between a priori and a posteriori results is caused by the modeling error. In this section the a priori results are shown and discussed.
First, the way in which the filtering of the fluid velocity in the DNS is performed is explained. In the two periodic directions the filtering can easily be carried out in Fourier space, since the top-hat filter is of convolution type and its effect in Fourier space is multiplication of each Fourier mode of the velocity with the corresponding Fourier mode of the filter function. In one spatial direction with length L a periodic function u(x) is represented in Fourier space by Fourier modesû k through
where N is the number of Fourier modes. The filtered functionū(x) is given bȳ
if a top-hat filter with width ∆ is applied. It can easily be seen that the Fourier modes of the filtered function are related to the Fourier modes of the original function byû k =Ĝ kûk , witĥ
The filtering operation in the wall-normal direction is approximated by the trapezoidal rule. The number of Fourier modes and Chebyshev collocation points in the LES is smaller than in the DNS. Therefore, in the a priori analysis the Fourier modes of the filtered fluid velocity not present in the LES are set equal to zero and the filtered fluid velocity is injected onto the collocation points present in the LES. This implies that interpolation of the filtered fluid velocity to the particle positions is carried out on the 'coarse' LES grid.
Results of this a priori analysis are included in figures 3-5 by the dotted lines. It is clearly visible that the amount of turbophoresis decreases for all Stokes numbers considered. This is not only apparent in the particle concentration near the walls, but also in the mean wall-normal particle velocity. From (8) it can be seen that turbophoresis is caused by the inhomogeneity of the wall-normal fluid velocity fluctuations. Figure 2 shows that the filtering of the fluid velocity reduces the root mean square of the wall-normal fluid velocity component and hence the turbophoresis.
From figure 5 it follows that the filtering of the fluid velocity in the particle equation of motion also leads to significantly reduced velocity fluctuations in the spanwise direction, and hence to reduced turbulent dispersion. This decrease of the particle velocity fluctuations is larger at smaller Stokes number.
From the results shown it can be concluded that subgrid errors in the particle equation of motion are significant: the disregard of the smallest turbulent scales in the fluid velocity affect mean particle transport in the wall-normal direction and particle dispersion. In the next subsections, first the modeling error is studied by performing real LES and then a subgrid model for the particle equation of motion is proposed.
Results of large-eddy simulation
Figures 3-5 also contain the results of the particle-laden LES with the two subgrid models discussed, where equation (6) is solved with the fluid velocity calculated within the LES. Hence, the results are not only affected by the subgrid error in this equation, but also by the modeling error. The large-eddy simulations have been run until a stationary particle distribution was obtained. This takes a time of approximately 2 × 10 4 in wall units. Figure 3 clearly shows the three stages mentioned before. Differences between the results obtained with the two subgrid models are quite large. The dynamic eddy-viscosity model leads to results which agree well with the a priori results, which indicates that the effects of the modeling error are small. This could already be inferred from figure 2, which shows that the filtered DNS fluid velocity agrees with the LES results for the dynamic model, especially near the wall. Since the gradient of the wall-normal velocity fluctuations directly determines the magnitude of the turbophoresis, it could be expected that the a priori results in figure 3 agree with the dynamic LES results. The agreement in the mean wall-normal particle velocity and spanwise particle velocity fluctuations is less, but increases at larger Stokes numbers.
A second observation is that the dynamic eddy-viscosity performs better than the Smagorinsky model. The correct behavior of the fluid velocity near the walls is an important requirement for a correct description of the particle behavior in this region, and figure 2 indicates that the Smagorinsky model leads to too low wall-normal velocity fluctuations close to the wall compared to the a priori and the dynamic results. Although the magnitude of the spanwise particle velocity fluctuations predicted with the Smagorinsky model corresponds well with the a priori results, the dependence on the wall-normal coordinate is also better predicted by the dynamic model. In the following subsection a method to improve the results by decreasing the subgrid error in the particle equation of motion is presented and tested.
Inverse filtering
The difference between the a priori LES and the DNS is so large that it can be concluded that LES is not able to predict turbophoresis and particle dispersion accurately, if the subgrid terms in the particle equations are neglected. It is, however, possible to decrease the subgrid errors in the LES results by retrieving part of the subgrid contributions to the fluid velocity by inverse filtering. Inverse filtering frequently occurs in the literature of LES (see e.g. Stolz et al., 2001 , Kuerten et al., 1999 , where it is used to model the turbulent stress tensor. It has often been successful provided that a dissipation term is added to control the extra fluctuations introduced by defiltering. Kuerten and Vreman (2005) showed that defiltering of the fluid velocity also yields a useful subgrid model in the particle equation of motion.
In LES the unfiltered velocity cannot exactly be recovered. The first step in the filtering formalism applied in LES is to obtain the filtered velocities by application of a specific filter. The second step is to project the filtered velocities onto the LES grid. For some filters, such as the top-hat filter adopted here, the first step is invertible, but the second step never is. In the present work the inversion is performed in Fourier space for the two periodic directions, whereas in the wall-normal direction the inverse is approximated with a Taylor series up to second order in the filter width. At the walls the defiltered velocity is set equal to zero.
Results of inverse LES with the two subgrid models studied here, where equation (6) is solved with the defiltered fluid velocity, are included in figures 3-5. Moreover, the fluctuations of the wall-normal component of the defiltered fluid velocity are presented in figure 6. From this figure it can be concluded that the defiltered fluid velocity of the dynamic LES agrees well with the unfiltered DNS results, especially in the near-wall region. It is therefore not surprising that the concentration of the particles close to the wall (figure 3) of the inverse dynamic simulations also corresponds quite well with the original DNS result. The improvement in the mean wallnormal particle velocity and in the r.m.s. of the spanwise particle velocity component is also substantial.
Next the inverse Smagorinsky results are discussed. The original Smagorinsky results did not only exhibit a larger modeling error than the dynamic results, also the effect of the defiltering is smaller. This holds for both the results on turbophoresis shown in figures 3 and 4 and for the dispersion results shown in figure 5 . This is consistent with the effect of defiltering on the wall-normal fluid velocity fluctuations shown in figure 6 : the effect of the defiltering on the Smagorinsky results is close to the walls much smaller than on the dynamic eddy-viscosity 
results.
Finally, it is noted that in the steady state obtained with the inverse dynamic model at the highest Stokes number, the particle concentration is close to the maximum possible value of 20, for which all particles are situated in the two strips closest to each wall. In the center of the channel the particle concentration is reduced by a factor of approximately 15.
Conclusions
In this paper subgrid and modeling errors are studied in LES of particle-laden turbulent channel flow with the emphasis on turbophoresis and particle dispersion. It is shown that use of the filtered fluid velocity in the particle equation of motion leads to significant subgrid errors in particle concentration. Moreover, the Smagorinsky subgrid model yields larger modeling errors than the dynamic eddy-viscosity model. For this latter model, the subgrid error can be substantially decreased if the fluid velocity is approximately defiltered. This increases the possibility of accurate simulations of particle-laden turbulent flows by means of LES.
